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Abstrat
We explore the holographi priniple in the ontext of asymptoti-
ally at spaetimes. In analogy with the AdS/CFT senario we ana-
lyse the asympotially symmetry group of this lass of spaetimes, the
so alled Bondi-Metzner-Sahs (BMS) group. We apply the ovariant
entropy bound to relate bulk entropy to boundary symmetries and nd
a quite dierent piture with respet to the asymptotially AdS ase.
We then derive the ovariant wave equations for elds arrying BMS
representations to investigate the nature of the boundary degrees of
freedom. We nd some similarities with 't Hooft S-matrix proposal
and suggest a possible mehanism to enode bulk data.
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1 Introdution
Some years ago 't Hooft [1℄ proposed that the apparent paradoxes of blak
hole physis in loal quantum eld theory an be resolved if the fundamental
theory of quantum gravity has degrees of freedom living on lower dimensional
2
hypersurfaes with respet to the bulk spaetime on whih information is
enoded holographially.
This was motivated by the Bekenstein-Hawking formula for the blak
hole entropy SBH = A/4, whih says that the entropy goes like an area
instead of a volume. It is thus ommonly assumed that a holographi theory
has a density of states equal to the Plank density. This implies an extreme
redution in the omplexity of a physial system and it is impliitly stated
that gravity is responsible for this huge redution of the number of degrees of
freedom. In other words, the usual way of ounting states in QFT is highly
redundant sine if we try to exite more than A/4 degrees of freedom we end
up with the formation of a blak hole.
The holographi priniple predits then a quite onsiderable departure
from onventional way of ounting degrees of freedom in physial systems.
We an imagine two ways of produing a holographi behaviour. One possi-
bility is to preserve loality at the prie of a sort of (very!) unusual gauge
symmetry whih should be able to give the orret ounting required by
the holographi bound. This is essentially the reent approah advoated
by 't Hooft [2℄: one has ontologial states whih go as a volume as usual,
while equivalene lasses grow as a surfae and the latter are supposed to
produe (this mehanism is still to be explained) the area law in the ase of
blak holes. This approah, of ourse, requires a reformulation of quantum
mehanis itself.
Another option is to reonstrut spaetime starting from holographi
data. In this ase one has to explain how they are generated, their dynamis
and how they an produe lassial spaetime geometry. Loality is simply
reovered a posteriori. AdS/CFT orrespondene [3℄ gives a beautiful ex-
ample of this kind of behaviour. Nevertheless, how to reover bulk loality
seems still an open question and most important the whole approah as-
sumes an equivalene between partition sums of gravity and gauge theory
one asymptotially AdS boundary onditions are imposed. As we will see
in the following this is a very speial hoie and the fat that a onventional
QFT appears on the boundary is in some sense quite unique.
It is therefore interesting to see what happens in the ase of dierent
boundary onditions. In the present paper we simply explore from a general
point of view the ase of asymptotially at spaetimes. As we will see there
is a sharp dierene with respet to the ase of AdS boundary onditions and
a unique (geometrial) reonstrution of spaetime seems unlikely, suggesting
a somehow dierent way of enoding and storing bulk data. With the help
of the ovariant entropy bound [4℄ we analyse some aspets of the asymp-
toti symmetry group (ASG) of asymptotially at spaetimes-the so alled
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Bondi-Metzner-Sahs (BMS) group- and the nature of the elds arrying
its representations hoping to get some insights about a possible holographi
desription.
Organization of the paper
In Setion 2 we review the notion of asymptoti symmetry group and disuss
its role and importane in the ontext of the holographi priniple.
In Setion 3 we reall dierent derivations of the BMS group and exam-
ine some of its properties and subgroups. We onentrate in partiular on
the Penrose derivation, sine more onvenient for our holographi purposes.
This resumée of the BMS group is also intended to give the reader some
bakground and terminology for further appliations.
In Setion 4 we review and apply the ovariant entropy bound proposed
by Bousso [4℄ pointing out a onnetion between entropy prodution in the
bulk and the orresponding symmetries of a andidate holographi desrip-
tion. We then ompare the situation with asymptotially AdS spaetimes
and underline dierenes.
In Setion 5 we review the representation theory of the BMS group and
show how to label dierent states. Details of BMS representation theory
are ontained in Appendix (A.1), (A.2); most of this material is used to
onstrut ovariant wave equations.
In Setion 6 we onstrut indeed ovariant wave equations for the BMS
group using a general framework based on ber bundle tehniques. Com-
ments on the possible meaning of the various little groups and their labels
are also given at the end.
In Setion 7 we try to interpret the results of Setion 6 and explore
possible features and aspets of a tentative holographi desription. We
note some similarities with 't Hooft horizon holography and suggest some
further aspets to take into aount for a holographi desription.
We end up in Setion 8 with some onluding remarks.
2 Origin of the asymptoti symmetry group and its
role in the holographi ontext
In absene of gravity the isometry group of (Minkowski) spaetime is the well
known Poinaré group, namely the semidiret produt of the Lorentz group
and translations. One gravity is swithed on, even if weak, the situation
hanges quite drastially: Lorentz transformations, i.e. the homogeneous
part of the Poinaré group, still make sense at eah point, but the Poinaré
4
group as a whole is not of ourse any more an isometry of the manifold and
seems to vanish into thin air [5℄.
One might think to use as a suitable generalization the general oordinate
transformation group, in other words dieomorphisms. However, they simply
preserve the dierentiable struture (the smoothness) of the manifold and
they are not so relevant from the physial point of view.
One therefore relies on the asymptoti symmetry group (ASG). Roughly
speaking, this means that one adds a onformal boundary to the original
manifold following Penrose presription and onsiders asymptoti symme-
tries as onformal motions on the boundary preserving some struture de-
ned on it. Of ourse, these symmetries need not to be extended to the
bulk in general but they an play a role in the holographi reonstrution
of spaetime. An expliit example is given in the AdS/CFT orrespondene
[3℄, where one reonstruts the bulk in the ase of asymptotially AdS
spaetimes [6℄. This represents however a speial ase as we will see in the
following, despite the ommon non-ompatness of the boundary as in the
ase of asymptotially at spaetimes.
It is important to stress that one is free to hoose the onformal boundary,
the hoie being just a matter of onveniene. In the set up proposed by
Bousso [4℄, this means that there are many dierent ways to projet the
bulk into olletions of holosreens. Note also the it seems natural to put
the sreen on the onformal boundary at innity, but in priniple any other
hoie is allowed. Again, from this point of view, AdS is a very speial ase,
sine there is a natural sreen on the boundary of spaetime. We are going
to onsider asymptotially at spaetimes and imagine the sreen to be the
null manifold ℑ at innity but as said other hoies an also be done in
priniple. One ould also imagine to put the sreen at spatial innity, where
there is some similarity to the null ase from the point of view of the ASG
(See omments at the end of Setion 6).
The notion of ASG seems then partiularly natural in the ontext of gra-
vity one one goes beyond lassial General Relativity: non loal aspets,
hidden at the lassial level by hoosing initial onditions for the solu-
tions, should manifest themselves in the quantum regime, demanding and
depending on the hoie of boundary onditions.
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3 Emergene of the BMS group in asymptotially
at spaetimes
In this setion we briey revisit the derivation of the BMS group and some
of its properties. As said, the BMS group represents the ASG of asymp-
totially at spaetimes. More properly it is a transformation pseudo-group
of asymptoti isometries of the region lose to innity of the asymptotially
at (lorentzian) spaetimes
4
. There is however a derivation proposed by
Penrose as a group of transformations living intrinsially on ℑ. In this ase
the BMS group is the transformation group on the boundary ℑ.5
>From the point of view of the holographi priniple we are interested
in the theory living on the boundary and its symmetry group. We therefore
prefer to onsider this boundary desription of the BMS group as more
relevant and fundamental for our purposes. Moreover, it keeps into aount
the degenerate nature of ℑ, whih one has to fae up when hoosing a null
sreen. For ompleteness, however, we review various derivations.
3.1 BMS as asymptoti symmetry group
The BMS group was originally disovered [7℄, [5℄ by studying gravitational
radiation emitted by bounded systems in asymptotially at spaetimes; it
is the group leaving invariant the asymptoti form of the metri desribing
these proesses. Quite generally, one an hoose (u, r, θ, φ) oordinates lose
to null innity and hek that the omponents of the metri tensor behave
like those of the Minkowski metri in null polar oordinates in the limit
r →∞.
A BMS transformation (α,Λ) is then
u¯ = [KΛ(x)]
−1(u+ α(x)) +O(1/r) (1)
r¯ = KΛ(x)r + J(x, u) +O(1/r) (2)
θ¯ = (Λx)θ +Hθ(x, u)r
−1 +O(1/r) (3)
φ¯ = (Λx)φ +Hφ(x, u)r
−1 +O(1/r) (4)
where x is a point on the two sphere S2 with oordinates (θ, φ), Λ represents
a Lorentz transformation ating on S2 as a onformal transformation and
KΛ(x) is the orresponding onformal fator. Furthermore α is a salar
4
For the eulidean ase see setion 6.
5
Reall that ℑ is the disjoint union of ℑ+ (future null innity) with ℑ− (past null
innity). In the rest of the paper we will refer to ℑ+ but beause of the symmetry the
same onlusions will hold on ℑ− too in all ases unless dierently speied.
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funtion on S2 assoiated with the so alled supertranslation subgroup. It
represents the size of the group as we will see below.
The other funtions are uniquely determined by (α,Λ) imposing
(α1,Λ1)(α2,Λ2) = (α1 + Λ1α2,Λ1Λ2) (5)
(Λ1α2)(x) = [KΛ(x)]
−1α2(Λ
−1
1 x) (6)
One immediately noties from (5) the struture of semidiret produt. There-
fore the BMS group B = N ⋉ L is the semidiret produt of the innite di-
mensional supertranslation group N with (the onneted omponent of the
homogeneous) Lorentz transformations group L.6
An important point to keep in mind is that the ASG thus dened is
universal sine one gets the same group for all asymptotially at spaetimes.
This is quite surprising. In addition, the group is innite dimensional due
to the presene of extra symmetries whih reet the presene of gravity in
the bulk.
It is also possible [8℄ to derive the BMS group B working in the un-
physial spaetime and imposing dierential and topologial requirements
on ℑ, avoiding then asymptoti series expansions. In a sense, this is a nite
version of the original BMS derivation, sine one onstruts a so alled on-
formal Bondi frame in some nite neighborhood of ℑ and this nite region
orresponds to an innite region of the original physial spaetime.
Even if one is not working with an asymptoti expansion, we prefer to
onsider this derivation from a slightly dierent perspetive with respet
to the one of Penrose, who onsiders the emergene of the BMS working
intrinsially on ℑ. Atually, we are still working asymptotially, even if,
in the unphysial spae, the innite is brought to nite. Reall, however,
that had we hosen another onformal frame we would have obtained an
isomorphi group. In other words, ovariane is preserved by dierentiable
transformations ating on ℑ. This indeed motivated Penrose to work diretly
on the geometrial properties of ℑ as we will see below and it seems more
onvenient to investigate the holographi priniple in this ontext.
Choosing x0 = u, xA = (θ, φ) as oordinates on ℑ+ and x1 = r dening
the inverse luminosity distane, the (unphysial) metri gµν in the onformal
Bondi frame is thus
gµν =

 0 g01 0g01 g11 g1A
0 g1A gAB


6
We will onsider SL(2,C), the universal overing group of L.
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Using the freedom of gauge hoie of the onformal fator and imposing
global and asymptoti requirements on ℑ one an write the metri (in a
neighbourhood of ℑ) as
gµν =

 0 1 01 0 0
0 0 qAB


where qAB is the metri on the S2 therefore time independent. One an even-
tually ompute the generators ξµ of asymptoti innitesimal transformations
xµ → xµ + ξµ by solving
ξ(µ;ν) − (Ω,ρ ξ
ρ/Ω)gµν = 0. (7)
One nds
ξA = fA(xB) (8)
ξ0 =
1
2
ufA;A + α(x
B), ξ1 = 0. (9)
Setting the supertranslations α(xA) to zero we get the (orthohronous) Lo-
rentz group while setting the fA to zero we get the group of supetranslations
as expeted.
These are exatly the Killing vetors found by Sahs [5℄ in studying ra-
diation at null innity. However, one interprets the notion of asymptoti
symmetry as follows: one delares an innitesimal asymptoti symmetry to
be desribed by a vetor eld ξa (more preisely an equivalene of vetor
elds in the physial spaetime) suh that the Killing equation Lξgµν = 0 is
satised to as good an approximation as possible as one moves towards ℑ.
One an also onsider another derivation of the BMS group proposed by
Geroh [9℄. In a nutshell, this proedure onsiders the ASG as the group of
onsometries of ℑ, i.e. onformally invariant strutures assoiated with ℑ.
More properly, these strutures live on the so alled asymptoti geometry, a
3 dimensional manifold dieomorphi to ℑ endowed with a tensor struture.
We prefer to onsider as truly intrinsi the derivation of Penrose whih we
disuss below. Note however that Geroh approah has reeived a lot of
attention and has been adopted in partiular by Ashtekar and (many) others
to endow ℑ with a sympleti struture to study then uxes and angular
momenta of radiation at null innity.
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3.2 Penrose derivation of the BMS group
The derivation of Penrose is based on onformal tehniques and the null
nature of ℑ is expliitly taken into aount. The underlying idea is the
following: onsider a motion in the physial spaetime; this will naturally
generate a motion in the unphysial spaetime and in turn a onformal mo-
tion on the boundary. The latter an persist, even if the starting physial
spaetime has no symmetry at all providing thus a denition of ASG. How-
ever the degenerate metri on ℑ does not itself endow suient struture to
dene the BMS group.
7
The natural struture living on ℑ is that of a inner (degenerate) onformal
metri, the topology being R × S2; the R represent the null geodesi ℑ
generators with uts given by two dimensional spaelike hypersurfaes eah
with S2 topology. Choosing a Bondi oordinate system [10℄, one an indeed
write the degenerate metri on ℑ+ as
ds2 = 0.du2 + dθ2 + sin2 θdφ2. (10)
Using stereographi oordinates for the two sphere (ζ = eiφcot(θ/2)) one has
ds2 = 0.du2 + 4dζdζ¯(1 + ζζ¯)−2. (11)
and realling that all holomorphi bijetions of the Riemann sphere are of
the form
f(ζ) =
aζ + b
cζ + d
(12)
with ad−bc = 1, one immediately onludes that the metri (10) is preserved
under the transformations
u→ F (u, ζ, ζ¯) (13)
ζ →
aζ + b
cζ + d
(14)
These oordinate transformations dene the so alled Newman-Unti (NU)
group [11℄, namely the group of non reetive motions of ℑ+ preserving its
intrinsi degenerate onformal metri.
The NU is still a very large group. One an restrit it by requiring
to preserve additional struture on ℑ. One atually enlarges the notion
7
More preisely, one onsiders a future/past 3 asymptotially simple spaetime, with
null ℑ+,ℑ− and strong asymptoti Einstein ondition holding on it [10℄.
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of angles and endows ℑ with strong onformal geometry. In addition to
ordinary angles one onsiders null angles: nite angles are formed by two
dierent diretions in ℑ at a point in ℑ whih are not oplanar with the null
diretion in ℑ, while null angles are formed by two diretions at a point in
ℑ whih are oplanar with the null diretion.
One an show that the set of strong onformal geometry preserving trans-
formations restrits the u transformations of the NU group to the following
form
u→ K(u+ α(ζ, ζ¯)) (15)
with
K =
1 + ζζ¯
(aζ + b)(a∗ζ∗ + b∗) + (cζ + d)(c∗ζ∗ + d∗)
(16)
the same appearing in (6) and α(ζ, ζ¯) an arbitrary funtion dened on the
two sphere. But then this set of transformations together with the onformal
transformations on the two sphere dene preisely the BMS group as shown
before.
Note that in terms of this intrinsi desription, these transformations
have to be interpreted not as oordinate transformations but as point trans-
formations mapping ℑ into itself. In other words, a onformal transforma-
tion of ℑ indues onformal transformations between members of families of
asymptoti 2-spheres when moving along the ane parameter u.
This onstrution further motivates the mapping between ℑ and the so
alled one spae[12℄, whih we are going to disuss in the following as a
possible abstrat spae where the holographi data might live.
Finally one has to remember that the global struture of the BMS group
in four dimensions annot be generalized to a generi dimension as BMSd =
Nd−2 ⋉ SL(2,C) where Nd−2 is the abelian group of salar funtions from
Sd−2 to the real axis; an example is the three dimensional ase where [13℄
it has been shown that BMS3 = N1 ⋉ Diff(S
1). In what follows we are
always going to work in four dimensions.
3.3 BMS subgroups and angular momentum
We review a bit more in detail the BMS subgroups. One has the subgroup
N given by
u→ u+ α(ζ, ζ¯) (17)
ζ → ζ (18)
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known as supertranslations. It is an innite dimensional abelian subgroup;
note that
BMS
N
≃ SO(3, 1) ≃ PSL(2,C), (19)
whih follows from the fat that the BMS group is the semidiret produt of
N with SL(2,C). Choosing for the onformal fator K on the sphere
K =
A+Bζ +B∗ζ¯ + Cζζ¯
1 + ζζ¯
(20)
one has the subgroup T 4 of translations whih one an prove to be the unique
4-parameter normal subgroup of N.
On the other hand, the property of a supertranslation to be translation
free is not Lorentz invariant. Therefore there are several Poinaré groups
at ℑ, one for eah supertranslation whih is not a translation, and none of
them is preferred. This auses the well known diulties in asymptotially
at spaetimes in dening the angular momentum, the origin basially being
free (beause of the presene of gravity). We reall for ompleteness the
reason: in Minkowski spae-time, the angular momentum is desribed by
a skew symmetri tensor whih is well-dened up to a hoie of an origin.
Whereas this last ondition is equivalent to x 4 parameters, in the ase of ℑ
this ondition requires an innite number of parameters to x the orbital
part of the angular momentum sine the translation group T 4 is substituted
by the supertranslations N.
Although many ways to irumvent this problem have been proposed,
no really satisfatory solution has emerged until now. In [14℄, [15℄ one ends
up with a reasonable denition of angular momentum in asymptotially sta-
tionary at spae-times, where the spae of good ross setions (i.e. setions
with null asymptoti shear) is not empty; one an then selet a Poinaré sub-
group from the BMS group and dene aordingly the angular momentum.
We are going to examine in more detail the notion of good/bad setions in
the following so as to disuss bulk entropy prodution from the point of view
of boundary symmetries.
4 Bulk entropy and boundary symmetries
4.1 Bousso ovariant entropy bound
We start with a very brief review of Bousso ovariant entropy bound. We
refer to [4℄ for more details and examples. Here we just reall the relation
11
between entropy and fousing of light rays examining then this link from the
point of view of BMS symmetries ating on null innity.
Bousso bound represents a ovariant generalization of the well known
Bekenstein bound, the latter being a sort of spaelike version of the for-
mer. Aording to this more general reipe, the entropy of matter that ows
through lightsheets assoiated with a given two dimensional spaelike surfae
in spaetime is bounded by the area of that surfae.
Bousso bound holds under some assumptions and it an be in prini-
ple violated by quantum eets. It therefore gives entropy estimates at the
lassial level. Nevertheless, it provides a general formulation of the holo-
graphi priniple and one an onstrut sreens on whih the entire bulk
information an be projeted and stored.
Lightsheets play a fundamental role in this set up. This is not surprising,
sine General Relativity at the lassial level an be thought as a series of
lenses lling spaetime! We reall indeed that one the two dimensional
spaelike surfae A has been hosen one denes lightsheets of A, L(A), as a
null hypersurfae that is bounded by A and onstruted by following families
of light rays orthogonally away from A, suh that the ross setional area is
everywhere dereasing or onstant. If S represents the entropy inside on
any one of its L(A), then the bound predits S less or equal to A/4.
One follows the light rays till they end up with a austi in spaetime,
i.e. the expansion θ goes from minus innity to plus innity. The hange of
expansion θ along a ongruene of light rays is desribed by Rayhaudhuri
equation
dθ
dλ
= −
1
D − 2
θ2 − σabσ
ab + ωabω
ab − 8piTabk
akb (21)
Sine the twist vanishes for L and the last term will be non positive assuming
null energy ondition if follows that the r.h.s is never positive and by solving
dθ
dλ
< −
θ2
D − 2
(22)
one gets to the fousing theorem prediting an innite value of the expansion
at the austis due to bending light matter.
So energy osts entropy and the latter fouses light and allows for the
formation of austis. More entropy rosses the lightsheets, faster the light-
sheets end up. A system in whih light rays end up with some sort of
perolation or random walk has therefore more entropy than a system where
they terminate in a point. A spherially symmetri system will have less
entropy then a system in whih inhomogeneities are present: lightsheets in
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the seond ase will have to probe small sale density utuations and these
spaetime irregularities will be assoiated with more entropy.
In the following we would like to interpret bulk irregularities whih are
responsible for entropy prodution from the point of view of BMS bound-
ary symmetries, identifying expliitly those whih orrespond to low/high
entropi bulk ongurations.
Before doing this we would like to observe that the sreen onstrution
that one an eventually ativate following Bousso approah -i.e. the proje-
tion and the storing of bulk information on suitable sreens- is bakground
dependent and also depends on the asymptoti struture of spaetime. As
already mentioned before, hoosing an asymptoti struture of spaetime is
a matter of onveniene, General Relativity being perfetly dened by itself.
4.2 Bulk entropy and BMS boundary symmetries
As previously realled the BMS group is dened as those mappings ating
on ℑ whih preserve both the degenerate metri and the null angles.
In the ase of null innity, one an assoiate a omplex funtion σ(r, u, ζ, ζ¯),
whih in physial terms is a measure of the shear of the null ones whih
interset ℑ+ at onstant u. To dene the shear one hooses a spinor eld OA
whose agpole diretions point along the the null geodesis of the ongruene.
The omplex shear σ is then dened as follows
OAOB∇AA′OB = σO¯A′ (23)
The argument of the shear σ denes the plane of maximum shear and its
modulus the magnitude of the shear. Now in the ase of mild divergene of
null geodesis (as with the Bondi-type hypersurfaes we are onsidering) one
has
σ =
σ0
r2
+O(
1
r3
) (24)
The quantity σ0 is r independent and it is a measure of the asymptoti
shear of the ongruene of null geodesis interseting ℑ+ at onstant u. The
r independene is in agreement with the peeling-o [16℄ properties of the
radiation.
One an also read the shear from the asymptoti expansion of the metri.
Consider for example the metri originally proposed by Sahs [5℄
ds2 = e2βV r−1du2 − 2e2βdudr + r2hab(dx
a − Uadu)(dxb − U bdu) (25)
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with a, b indies running over angular oordinates and V, β, Ua, hab are fun-
tions of the oordinates (u, r, θ, φ) to be expanded in 1/r powers. The shear
appears in the expansion of the funtion β
β = −σ(u, ζ, ζ¯)σ∗(2r)−2 +O(r−4) (26)
Now when σ0 = 0, i.e. the asymptoti shear of the ongruene of null
geodesis vanish at innity, one has good ross setions. On the other
hand, when non vanishing, one has bad setions. The latter orresponds
to null geodesis ending up with ompliated rossover regions in the bulk.
Good ross setions do not exist in general spaetimes. However, a very
speial situation ours in stationary spaetimes: in this ase one an nd
asymptoti shear free setions and the spae of suh uts is isomorphi to
Minkowski spae time, where a good setion orresponds trivially to the
lightone originating from a point in the bulk. Of ourse in the ase of
stationary spaetimes points of the isomorphi Minkowski spae are not in
one to one orrespondene with points of the physial urved spaetime; the
behaviour in the bulk of null geodesis will be however quite mild (ompared
to bad setions) to end up in an almost lean vertex.
The intersetion of the ongruene of null geodesis originating from the
bulk with ℑ is a onneted two dimensional spaelike surfae so we an
apply the ovariant entropy bound and dedue that bad ross setions will
in general orrespond to more entropi ongurations from bulk point of
view. Indeed in the ase of bad ross setions lightrays perolate more
than in the ase of good setions, produing therefore more entropy.
One an say more and relate the notion of good/bad uts to BMS bound-
ary symmetries, having in mind a tentative holographi desription. Indeed,
under BMS supertranslations the transformation rule among asymptoti
shears is
σo
′
(u′, ζ, ζ¯) = σo(u′ − α, ζ, ζ¯) + (ð)2α(θ, φ) (27)
where the operator ð on the r.h.s is the so alled edth operator (for a
denition see [16℄). One is then interested in nding transformations whih
produe new good uts. For Minkowski spaetime and (remarkably!) again
stationary spaetimes one an map good uts into good uts by means of
translations and in these ases the BMS group an be redued to the Poinaré
group by asking for the subgroup of the BMS transformations whih map
good uts into good uts. In the general ase, however, there are no good, i.e.
asymptoti shear free setions, and from BMS point of view this orresponds
to not Lorentz free supertranslations.
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Applying therefore the ovariant entropy bound one nds that bad se-
tions orrespond to more entropi ongurations in the bulk and (not Lorentz
free) supetranslations on the boundary. Time dependene produes more ir-
regularities in the bulk giving therefore more entropy aording to previous
onsiderations; this is interestingly reeted in ompliated supertranslations
ating on the null boundary.
If holographi data are stored then in the S2 spheres on ℑ some of them
will ontain more/less information orresponding to more/less entropy in the
bulk. We return to this point in Setion 7.
As said, asymptoti vanishing shear allows to redue the BMS goup to
Poinaré. One might think to start from the stationary ase then for simpli-
ity. There is still however a remnant of supertranslations. Suppose indeed
to onsider a system whih emits a burst of radiation and it is stationary
before and after the burst. The orresponding Poinaré subgroups will be
dierent and they will have in ommon only their translation group. They
will be related by means of a non trivial supertranslation in general. This is
quite dierent from what happens in the AdS ase as we are going to see in
the next Setion.
4.3 Diulties in reonstruting spaetime and omparison
with the AdS ase
We now ontinue the previous analysis and make some omparisons with the
AdS ase.
Let us onsider again the asymptoti shear. The previous piture tells us
that the ASG an be redued to Poinaré in some spei points along the
boundary where the asymptoti shear does indeed vanish. This means that
small shapes are preserved asymptotially as we follow the lines generating
the null ongruene using to onstrut the lightsheets. However, lightsheets
aquire in general shear in the asymptoti region. This is due tidal fores
whih are responsible for the bending of light rays. But these are in turn
desribed by the (asymptoti) Weyl tensor and this quantity (more prop-
erly the resaled one in the unphysial metri) enters into the denitions of
the so alled Bondi news funtions [5℄ whih measure the amount of gravi-
tational radiation at innity. There is however another tensor, namely the
Bah tensor (reall we are in four dimensions) Bαβ whih does not van-
ish in the presene of non zero Bondi news. In the ase of asymptotially
at spaetimes it is not zero asymptotially. This is in sharp ontrast with
asymptotially AdS ases, where it vanishes asymptotially, the Bondi news
being zero in that ase. Atually the ondition Bαβ = 0 on ℑ is used in the
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denition [17℄ of asymptotially AdS spaetimes.
This has however deeper onsequenes for holography. In AdS ase this
allows to redue (enormously) the diemorphism group on the boundary
preisely to the onformal group. There is then (as already notied in
[17℄) a disontinuity in taking the limit Λ → 0 of the osmologial on-
stant. In asymptotially at spaetimes it means that one annot propagate
the boundary data to reonstrut the bulk in a unique way. And this was
the essene of the Feerman-Graham theorems for the AdS ase [18℄. We
therefore see a remarkable dierene. As a onsequene, it also seems quite
unlikely that GKPW (Gubser-Klebanov-Polyakov-Witten) presription re-
lating bulk-boundaries partition funtions holds in this ase. It seems also
diult to reover a S-matrix for asymptotially at spaetimes starting
from AdS/CFT and taking then the large radius limit of AdS.
As observed before, in general bakgrounds the asymptoti shear does
not vanish and therefore we remain with a big group on the boundary. No-
tie that using relativisti generalization of Navier-Stokes theory one an
show that preisely the Bah urrent [19℄ an be used to desribe entropy
prodution in the bulk in the ase of non stationary spaetimes. We see
therefore that all the times (basially the majority) we annot redue BMS
supertranslations to translations we have more entropy prodution in the
bulk aording to the ovariant entropy bound and the prodution of this
entropy an be measured in a quantitative way just by using the Bah ur-
rent, a quantity whih translates the eet of the bending of light before the
system reahes equilibrium.
The fat that boundary symmetries annot be redued as in AdS ase
suggests not only that the propagation in the bulk is not unique (therefore
we don't see the possibility of a naive holographi RG) as in AdS ase but
also that a degree of non loality
8
will be present-beause of the impossibility
of reduing the big symmetry group in general- in the andidate boundary
theory, where elds will arry in general representations of the BMS group.
This motivates the following analysis of wave equations for the BMS
group.
8
The emergene of non loality in asymptotially at spaetimes an also be explained
onsidering again light propagation. Indeed, in AdS/CFT the amount of time required
for a light ray to ross AdS diagonally is equal to the amount of time the light ray needs
to " go around the boundary". This is not true in at spae. Therefore it seems unlikely
that the holographi dual to asymptotially at spaetimes will be a loal theory.
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5 Representations of the BMS group
As said our target is to write (ovariant) wave equations as ommonly done
in physis for other groups [20℄. We therefore rst review very briey in this
Setion the representation theory of the BMS group (See Appendix A.1 and
A.2 for details). We reall the situation for the Poinaré group to ompare
then similarities and dierenes with respet to the BMS ase. We give the
kets to show expliitly the labelling of the orresponding states. Theory
and denitions used in indued representations of semidiret produt groups
are reviewed in Appendix A.
Poinaré group
In this ase we deal with P = T 4 ⋉ SL(2, C) whose little groups and
orbits are well known and are summarized in the following table (see [21℄
and [22℄)
9
:
Little group orbit invariant representation label
SU(2) p2 = m2, sgn(p0) disrete spin j (dim=2j+1)
SU(1, 1) p2 = −m2, disrete spin j′
E(2) p2 = 0, sgn(p0) ∞-dimensional,
E(2) p2 = 0, sgn(p0) 1-dimensional λ.
We rst notie that the generators of T 4 an be simultaneously diago-
nalized and for this reason the orbit is the spetrum of energy. We have
to impose some physial restritions, namely we all unphysial those rep-
resentations related to negative square mass and negative sign of p0. Un-
fortunately, this is not enough sine we have to deal with a ontinuous spin
oming from E(2). This ase is exluded by hand and so we end up with
two spin quantum numbers, i.e. j from SU(2) and λ from E(2); therefore
the general ket for the Poinaré group is
| p, j >, | p, λ >, (28)
9
The Lie algebra of the 2-d Eulidean group is:
[L3, Eα] = iǫαβEβ,
[Eα, Eβ] = 0.
The two Casimirs of the group are E2 and C2 = exp(2πiL3) where C2 = ±1 (integer
and half-integer values of L3). The two E(2) are atually the same group with dierent
representations depending if the value of the Casimir operator E2 is dierent (rst ase)
or equal (seond ase) to zero
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respetively for massive and massless states.
BMS group
In this ase one has additional freedom sine one is free to hoose the
topology for supertranslations. This is due to the fat that ℑ is not a Rie-
mannian manifold: it is degenerate preisely in the diretions along whih
supertranslations at. Having in mind Penrose desription of the BMS as an
exat symmetry ating of ℑ, arbitrary supertranslations funtions desribe
indeed symmetry transformations along ℑ. The standard hoie [23℄, [24℄
made in the literature is Hilbert or nulear topology. The former should
be assoiated with bounded systems (for whih indeed the BMS group turns
out to be the asymptoti symmetry group as originally disovered), while the
latter with unbounded (See setion 7.3 for the role of unbounded systems).
We rst onsider the Hilbert topology-i.e. we endow N with the ordi-
nary L2 inner produt on S2. Following [23℄ , [25℄, we remember that the
supertranslations spae an be deomposed in a translational and a super-
translational part
N = A⊕B,
where only A is invariant under the ation of G = SL(2,C) and T 4 = N
B
.
Furthermore there is also this hain of isomorphisms:
N ∼ Nˆ ∼ N ′ ∼ N,
where Nˆ is the harater spae and N ′ is the dual spae of N . This means
that given a supertranslation α we an assoiate to it a harater χ(α)
.
=
eif(α), where the funtion f(α) =< φ,α > and where φ ∈ N .
The dual spae an be deomposed as N ′ = B0 ⊕A0, where B0 and A0
are respetively the spae of all linear funtionals vanishing on B and A and
where only A0 is G-invariant. Also the following relations are G-invariant
i.e.
(N/A)′ ∼ A0 N ′/A0 ∼ A′. (29)
In view of the isomorphism between N ′ and N , we an expand the su-
permomentum φ in spherial harmonis as
φ =
1∑
l=0
l∑
m=−l
plmYlm +
∑
l>1
l∑
m=−l
plmYlm,
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where the rst term lies in B0 and the seond in A0.10Relying on (29), we an
think of the oeients plm with l = 0, 1 as the omponents of the Poinaré
momentum. Thus, we all the dual spae of N the supermomentum spae
and dene a projetion map:
pi : N ′ → N ′/A0,
assigning to eah supertranslation φ a 4-vetor pi(φ) = (p0, p1, p2, p3).
At the end of the day one ends up with [25℄
Little group orbit invariant representation label
SU(2) p2 = m2, sgn(p0) disrete spin j (dim=2j+1)
Γ p2 = m2, sgn(p0) disrete spin s
Γ p2 = 0, sgn(p0) disrete spin s
Γ p2 = −m2, disrete spin s
Θ p2 = m2, sgn(p0) disrete spin s
C˜n p
2 = m2, sgn(p0) nite dimensional k,
C˜n p
2 = 0, sgn(p0) nite dimensional k,
C˜n p
2 = −m2, nite dimensional k,
D˜n p
2 > 0, sgn(p0) (for p0 > 0) nite dimensional dn,
D˜n p
2 < 0 nite dimensional dn,
T˜ p2 > 0, sgn(p0) nite dimensional t.
O˜ p2 > 0, sgn(p0) nite dimensional o.
I˜ p2 > 0, sgn(p0) nite dimensional i.
Therefore the general kets of the BMS group for massive and non massive
partiles
11
are:
| p, j, s, k, dn, t, o, i >, | p, s, k >, (30)
where the new quantum numbers were originally interpreted as possible in-
ternal symmetries of bounded states [25℄,[26℄,[27℄ and the BMS group was
indeed proposed to substitute the usual Poinaré group to label elementary
10
One an interpret the piee belonging to A0 as omposed of spetrum generating
operators, while those in B0 at on the vauum in the ontext of a holograhi desription.
We thank J. de Boer for the remark.
11
In the BMS group the massive and the massless kets are both labelled by disrete
quantum numbers related to faithful representations of (almost the same) ompat groups
whereas in the Poinaré ase massless states are labelled by the disrete number of the
unfaithful representation of the non ompat group E(2).
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partiles due to the absene of non ompat little groups and therefore of
ontinuous spins.
Choosing a dierent topology for supertranslations, however, one regis-
ters the appearane of non ompat little groups in the BMS representations
theory too [28℄. We believe that preisely for this reason the hope to use
BMS group to label elementary partiles was abandoned. However another
interpretation of these numbers has been suggested as we are going to see
soon.
Consider then the ket for the nulear (or ner) topology. First of all,
reall that in this ase it is impossible to have an exaustive answer sine not
muh is known about disrete subgroups. Nevertheless we have [24℄
Little group orbit invariant representation label
Γ p2 = m2, 0,−m2, sgn(p0) disrete 1 dim. spin s
SU(2) p2 = m2, sgn(p0) disrete 2j + 1-dim. spin j
∆ p2 = 0, sgn(p0) nite dim. δ or ∞ dim.
S1 p
2 = 0, sgn(p0) nite dim. s1
S2 p
2 = 0, sgn(p0) nite dim. s2
S3 p
2 = 0, sgn(p0) nite dim. s3
S4 p
2 = 0, sgn(p0) nite dim. s4
S5 p
2 = 0, sgn(p0) nite dim. s5
We omit the study of little groups with m2 < 0 sine in priniple they
have no physial relevane. Thus the general ket for the BMS group in the
nulear topology is:
|p, j, s, {tn} >, |p, j, s, δ, {sn} > (31)
where the rst ase refers to faithful representations with m2 > 0 and the
index {tn} stands for all the representation numbers of nite groups; the
seond ket instead refers to the massless ase and {sn} stands for all the
representation numbers of the non onneted groups.
Note that it is beause of the innite dimensionality of supermomentum
spae that one has non-onneted or even disrete little groups, sine one
an have a lot of invariant vetors in this ase. This is quite unfamiliar,
sine angular momenta are normally assoiated with onneted groups of
rotations. From an experimental point of view this also renders problemati
the measurement of these Bondi spins as they are normally alled. Indeed
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only in the ase of the little group SU(2) BMS representations ontain a
single Poinaré spin, otherwise they ontain a mixture of Poinaré spins.
Note also a urious fat: for m2 > 0 all bosons with the same mass appear
in the same multiplet while all fermions with the same mass appear in the
same multiplet though orresponding to dierent representation.
6 Wave equations
In this Setion we derive the ovariant wave equations for the BMS group.
As remarked before and in the following, nulear (or even ner) topology
is expeted to be assoiated with unbounded systems, perhaps with innite
energy too. This would require in general Einstein equations in distributional
sense and a dierent notion of onformal innity. We therefore restrit to
the Hilbert topology desribing bounded systems in the bulk.
Canonial wave equations have been suggested in [23℄, though physiists
normally use ovariant wave equations. To derive them we use the theorem
ontained in [29℄ whih shows how to get irreduible ovariant wave funtions
starting from (irreduible) anonial ones. The framework- based on ber
bundle tehniques, is quite general and elegant. For denitions and notations
see Appendix B, whih we suggest to read before this Setion.
We are also going to use sort of diagrams in the disussion whih, al-
though not ompletely rigorous, may help to handle the formalism easier.
Consider then the following diagram
G = N ⋉ SL(2,C)
pi

Σ // GL(V )
∗

N F (N,V )
pi′
oo
The representations indued in the above way are usually referred as
ovariant. Sine the bundle is topologially trivial i.e. G = N × SL(2,C)
we are free to hoose a global setion s0 : N → G and the natural hoie
is s0(n) = (n, e); it is possible to see from (60) that γ0((n, k), n
′) = (0, k)
whih implies that the matrix A(g, n′) = Σ(γ(g, n′)) (see Appendix B for def-
initions) does not depend on the hoie of the supertranslation n′ whereas
this fails for indued representations. The only problem for ovariant rep-
resentations is that in general they are not irreduible even if Σ is, but as
said a method [29℄ to ompare ovariant and indued representations was
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formulated. Consider indeed the following diagram:
G ∼ Gˆ = Nˆ ⋉ SL(2,C)
pi

Σ // GL(V )
∗




Nˆ Fˆ (Nˆ , V )
pi′
oo
,
where Nˆ is the harater spae ofN and Fˆ is the bundle Nˆ⋉SL(2,C)×SL(2,C)
V . Thus we an introdue a Tˆ representation ating on the setions of Γ(Fˆ ):
Tˆ (n, k)ψˆ(kχ) = (kχ)(n)kψˆ(χ),
whih is a transposition of
Tˆ (g)ψˆ(gχ) = gψˆ(χ). (32)
Using the natural setion (in the harater spae) sˆ0(χ) = (χ, e), the
ation of the group G on the funtion fˆ : Nˆ → V is given from (32) by(
Tˆs0(n, k)fˆ
)
(kχ) = (kχ)(n)Σ(k)fˆ (χ), (33)
whih we an refer to as the ovariant wave equation. The relation be-
tween indued and ovariant representations an be made now hoosing a
xed harater on an orbit Ω (physially speaking going on shell) and deno-
ting with σ the representation of Kχ0 subdued by Σ.
The essene of the Theorem ontained in [29℄ is that ifW is the anonial
representation of G in Γ(F ) indued from χ0σ than there exists an isomor-
phism of bundles ρ : F → FˆΩ suh that the map R : Γ(F )→ Γ(FˆΩ) dened
by Rψ(χ) = ρ(ψ(χ)) satises
R ◦W = TˆΩ ◦R,
whih states the equivalene between W and TˆΩ. Notie that with TˆΩ and
with FˆΩ we simply refer to the (on shell) restrition on the SL(2,C)-orbit.
The above framework an be applied for a given group G = N⋉H as follows:
1. identify all little groups Hχ ⊂ H and their orbits (labelled by Casimir
invariants)
2. onstrut a representation indued from Hχ and hoose a setion for
the bundle G ((G/Gχ), pi,Gχ),
22
3. onstrut the anonial wave equations for eah little group.
4. onstrut the ovariant wave equation starting from a representation
of H upon the hoie of a setion of the ber bundle G(N,pi,H). Write
the ovariant wave equation in the dual spae.
5. relate the indued and the ovariant wave equations restriting the
latter to the orbit of a little group and then dening a linear transfor-
mation V ating on funtions given by
V = Uλ(s
−1(p)),
where U is the representation of H and s is the setion hosen at point
(2).
6. sine the representation U is in H and it is reduible, it is neessary
to impose some onstraints (i.e. projetions) on the wave funtions
orresponding to the redution of the representation U to one of the
little groups.
Poinaré group
We review rst how the above onstrution applies to the Poinaré group
T 4 ⋉ SL(2,C). For further details we refer to the exsisting literature [22℄,
[20℄ and [30℄. As disussed before, little groups and orbits of the Poinaré
group are well known and in partiular for a massive partile the orbit is
the mass hyperboloid SL(2,C)/SU(2) ∼ ℜ3 and a xed point is given by
the 4-vetor (m, 0, 0, 0). A representation for SU(2) is the usual 2j + 1-
dimensional Dj and a global setion (see appendix of [25℄) for SU(2) an
be hosen remembering the (unique) polar deomposition for an element
g ∈ SL(2,C) given by g = ρu where ρ is a positive denite hermitian matrix
and u ∈ SU(2). Thus a setion η an be written as:
η(ρ) = η(ρ[SU(2)]) = (ρ, 0). (34)
This onludes the rst two points in our onstrution; a anonial wave
equation an be immediately written starting from (59) as:
Um,+,j (g) f(gp) = eip·aDj[ρ−1ΛgΛpΛgρΛp ]f(p), (35)
where g = (a,Λ), the exponential term is the harater of a ∈ T 4, the ·
represents the Minkowskian internal produt, p is a point over the orbit, U
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is a representation of the little group over an Hilbert spae Hj and f(p) is a
funtion in L2(SL(2,C)⋉N/SU(2)⋉N)⊗Hj . Notie also that the represen-
tation is labelled by the SU(2) quantum number j and by the indies m,+
that allow to selet a unique point over the orbit through the identiation
m = K and sgn(K) > 0.
The ovariant wave equation an be written for funtions f(p) ∈ L2(T 4)⊗Hλ
as: (
Uλ(g)f
)
(a) = Uλ(Λ)f(Λ
−1(a− a′)), (36)
where g = (a′,Λ) and Uλ is a representation of SL(2,C). In the dual spae
(36) beomes: (
Uλ(g)fˆ
)
(p) = eip·aUλ(Λ)fˆ (Λ
−1p). (37)
This onludes the fourth point of our onstrution; the redution to the
orbit of the SU(2) little group an be ahieved requiring the mass ondition
for eah fˆ(p):
θ(p0)(p
2 −m2)fˆ(p) = 0,
whih amounts to restrit
12
the measure d4(p) to dµ′(p) = 2piδ(p2−m2)θ(p0)d4p.
This means that instead of dealing with funtions in L2(T 4, d4p) ⊗ Hλ we
onsider elements of the Hilbert spae Hm,+,λ = L2(T 4, dµ′(p)) ⊗ Hλ. In
order to relate the anonial and the ovariant wave equations, we introdue
the operator
V = Uλ(ρ
−1
p ),
where ρ−1p = η(p)
−1
. This ats on funtions as
(V fˆ)(p) = Uλ
(
ρ−1p
)
fˆ(p).
Thus if we dene the spae Hm,+,λη to oinide as a vetor spae with Hm,+,λ
but equipped with the inner produt
(f, f ′)η =
∫
dµ′(p)
(
Uλ(η(p))
−1f(p), Uλ(η(p)
−1)f ′(p)
)
Hλ
,
we see that the map V is indeed unitary and substituting it in (37) through
V −1Um,+,λV = Um,+,λη we get:(
Um,+,λ(g)f
)
(p) = ei<φ,a>Uλ(ρ
−1
p ΛρΛ−1p)f(Λ
−1p), (38)
whih is oinident with the anonial wave equation even if Uλ is still a
representation of SL(2,C). This means that in general our wave funtion has
12
Here and in the following we denote with ′ the measure restrited to the orbit.
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more omponents that those needed and for this reason, we have to introdue
a suitable orthoprojetion modding out the unwanted omponents. This an
be done introduing a matrix pi suh that
pif(p¯) = f(p¯),
where p¯ is a xed point over the orbit. Another way to express the projetion
operation is to onsider the point f ′(p¯) = (U(Λ)f)(p¯) and the equation (38)
in order to obtain the more familiar expression
pi(p)f(p) = f(p),
where p = L−1Λ p¯ and where pi(p) = D
−1(Λ)piD(Λ). Using the deomposition
Λ = ρpγ that we introdued in order to onstrut the setion for the SU(2)-
orbit and using the fat that pi ommutes with D(γ) with γ ∈ SU(2), then
pi(p) = D−1(ρp)piD(ρp); so we have that pi(p) transforms as a ovariant
matrix operator.
Let us onsider expliitly the ase of a massive partile with spin
1
2 ; to
preserve parity we onsider the representation D(
1
2
,0) ⊕D(0,
1
2
)
, the matrix pi
projeting away the unwanted omponents is:
pi = diag[1, 0, 0, 0] =
1
2
(γ0 + I),
where γ0 is the usual Dira's γ matrix. Using the ovariant transformation
of this matrix, we nd that
(D(
1
2
,0) ⊕D(0,
1
2
))−1(Λp)pi
(
D(
1
2
,0) ⊕D(0,
1
2
)(Λp)
)
=
1
2m
(γµp
µ +m),
where p = LΛp¯ and where p¯ = (m, 0, 0, 0) is a xed point in the SU(2)-orbit.
Thus the equation pi(p)f(p) = f(p) for f(p) ∈ L2(ℜ3, dµ(p)) ⊗H| beomes:
(γµp
µ −m)f(p) = 0,
whih is the well known Dira equation. In a similar way we an nd the
well known equations for all SU(2) spins.
Let us briey remark that for massless partiles the situation is more
ompliated sine in this ase we have to deal with the non ompat E(2)
group. The representation of SL(2,C) annot be fully deomposed into
representations of E(2) and thus the orthoprojetion ondition has to be
modied [29℄.
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6.1 Wave equations for the BMS group
Realling the disussion on representations of the previous Setion we fous
on the Hilbert topology ase and derive the ovariant wave equations for the
little groups SU(2),Γ,Θ and nite groups.
The group SU(2)
Clearly the rst point of the onstrution has already been given by M-
Carthy ([23℄, [25℄) togheter with a partial lassiation of the orbits. For
massive partiles a great dierene arises from the Poinaré group where the
only orbit with m > 0 is the one of the SU(2) little group whereas for the
BMS group, apart from SU(2), we need to onsider more groups as it an
be seen from the tables in the previous Setion.
Let us now address point (2). Remember that in this ase the orbit is
isomorphi to ℜ3 and that a xed point on the orbit is given by a on-
stant funtion K over the sphere S2. Thus the orbit is uniquely har-
aterized by the mass m2 = K and the momentum 4-vetor is given by
pi(φ) = (m, 0, 0, 0) where φ is a onstant supertranslation. A setion for the
bundle G (SL(2,C)⋉N/SU(2) ⋉N,pi, SU(2) ⋉N) has been given in the
previous disussion on the Poinaré ase through the polar deomposition
g = ρu with u ∈ SU(2) and ρ a positive denite hermitian matrix. Thus a
setion η an be written as:
η[p] = η[ρSU(2)] = (ρ, 0) . (39)
Point (3) is also easy to implement starting from the well known repre-
sentations of SU(2) sine (59) beomes:
Um,+,j (g) u(gp) = ei<φ,a>Dj[ρ−1ΛgΛpΛgρΛp ]u(p), (40)
where g = (a,Λ) ∈ BMS, the exponential term is the harater of the
supertranslations a expressed via the Riesz-Fisher theorem, p is a point
over the orbit, U is a representation of the little group over an Hilbert spae
Hj and u(p) is a funtion in L
2(SL(2,C) ⋉N/SU(2) ⋉N)⊗Hj .
After ompleting point (3), we an write the general ovariant wave equa-
tion. In this ase we deal with funtions f ∈ L2(N)⊗Hλ (λ is index for an
SL(2,C) representation) i.e.(
Uλ(g)f
)
(φ) = Uλ(Λ)f(Λ
−1(φ− φ′)), (41)
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where g = (φ′,Λ) and Uλ is a representation of SL(2,C). We go to the dual
spae of supertranslations using the well dened harater χ(α) and fun-
tional integration restriting to the SU(2) orbit to get for fˆ(a) ∈ L2(Nˆ )⊗Hλ.(
Uλ(g)fˆ
)
(a) = ei<φ
′,a>Uλ(Λ)fˆ(Λ
−1a), (42)
Thus in the end we deal with funtions in the Hilbert spae Hˆm,+,λ =
L2(N, dµ′)⊗Hλ. The linear operator relating the indued and the ovariant
wave equations is given for a generi point in the orbit p = (φ,Λ) by
V = Uλ(ρ
−1
p ),
where ρ−1p = η(p)
−1
. This ats on funtions as
(V fˆ)(p) = Uλ
(
ρ−1p
)
fˆ(p).
Thus if we dene the spae Hm,+,λη to oinide as a vetor spae with Hm,+,λ
but provided with the inner produt
(f, f ′)η =
∫
orbit
dµ′(p)
(
Uλ(η(p))
−1f(p), Uλ(η(p)
−1)f ′(p)
)
Hλ
,
we see that the map V is indeed unitary and substituting it in (42) through
V −1Um,+,λV = Um,+,λη we get:(
Um,+,λ(g)f
)
(p) = ei<φ,a>Uλ(ρ
−1
p ΛρΛ−1p)f(Λ
−1p), (43)
whih is oinident with the anonial wave equation though Uλ is still a
representation of SL(2,C).
The last point of our onstrution omes into play sine we need to impose
further onstraints on the wave equation in order to mod out the unwanted
omponents arising from the fat that Uλ is a representation of SL(2,C) that
has to be restrited to an SU(2) one. This redution an be expressed using
a matrix pi and, for the BMS group, the disussion for SU(2) is exatly
the same as in Poinaré; so if we hoose a xed point φ¯ in the orbit, the
onstraints we have to impose beomes:
pi[SU(2)]f(φ¯) = f(φ¯). (44)
Remembering that a representation D(j1,j2) ∈ SL(2,C) an be deomposed
into SU(2) representations through D(j1,j2) =
j1+j2⊕
j=|j1−j2|
Dj , the matrix pi sim-
ply selets the desired value of j from the above deomposition. If, as an
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example, we onsider the value j = 1 in the representation D(
1
2
, 1
2
) =
1⊕
j=0
Dj ,
the matrix pi is:
pi[SU(2)] = diag[0, 1, 1, 1].
The group Γ
Consider now Γ, namely the double over of SO(2). An element of this
group is given by a diagonal omplex matrix:
g =
[
e
i
2
t 0
0 e−
i
2
t
]
.
Again in [25℄ the orbits for this little group were studied and it was shown
that both the squared mass and the sign of the energy are good labels. A
xed point on this orbit is given by a supertranslation depending only on the
modulus of the omplex oordinate over S2 i.e. ψ = ψ(| z |) (or equivalently
in real oordinates this means that ψ(θ, ϕ) does not depends on φ).Thus in
this ase the projetion over the four-momentum for the xed point is
pi(ψ(θ, ϕ)) = (p0, 0, 0, p3).
Notie also that we hoose in the orbit of Γ those funtions not in the
orbit of SU(2)-i.e. they annot be transformed into a onstant funtion;
this means that any point in the orbit has the form ψ = Γψ(| z |). In
[23℄ also a setion for the bundle G(SL(2,C)/Γ, pi,Γ) has been given: any
element g ∈ SL(2,C) an be deomposed as explained before as g = ρu with
u ∈ SU(2). The element u an further be deomposed as u = γφσθγψ whih
implies g = τγψ where now γψ ∈ Γ. Thus a setion an be written as:
η(τ [Γ]) = (0, τ) ∈ BMS.
This ompletes the rst and the seond point of the onstrution. The anon-
ial wave equation an be written diretly from the one-dimensional repre-
sentation for Γ ating on an element γ as a multipliation in one omplex
dimension:
Ds(γ) = eist.
This leads to
Um,+,s,p0(g)f(gp) = ei<φ,a>Ds(τ−1ΛgΛpΛgτΛp)f(p), (45)
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where g = (a,Λ) ∈ BMS, f(p) is a square integrable funtion over the orbit
SL(2,C)/Γ ∼ ℜ3 × S2 and the indies on the left hand side label the orbit.
Notie that the dierene from SU(2) is that these indies are not uniquely
determining the orbit sine in that ase the xed point was given by the on-
stant supertranslation K = m and for this reason the value of the mass, and
the sign of p0 were xing in a unique way the point over the orbit. On the
other hand here the labels m,+, p0 are xing only a lass of points with the
same 4-momentum i.e. pµ = (p0, 0, 0,
√
m2 + p23) whereas the supertransla-
tion assoiated is not unique sine in real oordinates it has the form:
φ(θ) = p0 + p3cosθ + h(θ),
for all possible h(θ) Γ-invariants.
It also worth stressing that if we hoose p0 = m and p3 = 0 (i.e. the
equivalent of the rest frame), the assoiated supertranslation is not onstant
but it has the form φ(θ) = K + h′(θ) with h′ 6= 0 sine otherwise the point
would belong to the SU(2) orbit whih is impossible. This an be seen
as the impossibility to dene ordinary angular momentum . More generally
this is related to the statement [31℄ that the representations of BMS dierent
from SU(2) annot be uniquely redued to Poinaré ones but eah of them
deomposes into many dierents Poinaré spins as realled before.
Point (4) of our onstrution goes along similar lines just by reduing
the funtional integration to the orresponding orbit. Thus we only need to
dene the linear map for a generi point over the orbit p = (a,Λ)
V = U(ρ−1p ),
where ρ−1(p) is the inverse of the setion η(p). As in the ase of SU(2) this
linear operator swithes from the spae Hm,+,p0,s = L2(N, dµ′)⊗Hs to the
spae Hm,+,p0,sη whih oinides as a vetor spae but the internal produt
is:
(ψ, φ)η =
∫
ℜ3×S2
dµ′(p)
(
Uλ(η(p)
−1)ψ(p), Uλ(η(p)
−1)φ(p)
)
Hs
.
As before substituting the map V into (42), we get:(
Um,+,p0,λ(g)f
)
(p) = ei<φ,a>Uλ(τ
−1
p ΛτΛ−1p)f(Λ
−1p), (46)
whih is oinident with (45) exept that the representation needs to be
redued from SL(2,C) to Γ. Sine all little groups in the Hilbert topology
are ompat, we know that U is always ompletely reduible and that the
desired irreduible omponent an be piked out.
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As before we start from a representation D(0,j) ⊕ D(j,0) to make sense
of parity and we impose restrition. Sine the deomposition of Dj(SU(2))
into Γ is well known and has the form:
Dl(Γ) =
l⊕
m=−l
Um(Γ),
we an rst projet from SL(2,C) into a representation of SU(2) and using
the above deomposition, selet a partiular value of s. The proedure is
basially:
D(j1,j2)(g) =
j1+j2⊕
j=|j1−j2|
Dj(g) =
j1+j2⊕
j=|j1−j2|
j⊕
s=−j
Ds(g).
The subsidiary ondition is:
pi(Γ)f(φ¯) = f(φ¯),
where φ¯ is a xed point over the orbit (i.e. φ¯ = p0 + p3 cos θ + h(θ)) and
where pi(Γ) extrats from the above deomposition the desired s omponent.
As an example in the ase of s = 1 from the representation D(
1
2
, 1
2
)
we know
that:
D(
1
2
, 1
2
) =
1⊕
j=0
Dj(g) =
1⊕
j=0
j⊕
s=−j
Ds(g),
so that
pi = diag[0, 0, 0, 1]
The group Θ
The third group we examine is the ompat, non-onneted little group
Θ = ΓR2 where R2 is the set (not the group) given by the matrix I and
J =
[
0 1
−1 0
]
. The orbit of this group is given by the points in the orbit
of Γ whih are also invariant under R2. This last ondition is equivalent to
require for the supertranslation ψ(θ) = ψ(−θ). Upon projetion over the
dual spae this implies that pi(ψ) = p0 + p3cosθ = p0. Thus a xed point
under the ation of Θ is an element of the orbit of Γ with the form
ψ(θ) = p0 + h(θ),
with learly h(θ) 6= 0 sine otherwise the supertranslation would be in the
SU(2) orbit.
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Another important remark is that the orbit SL(2,C)/Θ is ℜ3×P 2 whih
is the same orbit of the group Γ plus the antipodal identiation of the points
over the sphere due to R2. In order to hoose a setion we remember that
every g ∈ SL(2,C) an be deomposed as g = τγ with γ ∈ Γ; a point in
SL(2,C)/Γ is thus identied with the value of τ . In our ase a global setion
(see [25℄) an be given notiing that every matrix σθ =
[
cos θ2 i sin
θ
2
i sin θ2 cos
θ
2
]
an be deomposed as σθ = σθ′q with 0 < θ
′ < pi2 , q = γpi2 rγ−
pi
2
and r ∈ R2.
Sine any element g of SL(2,C) an be written as g = ρu = ργΦσθγψ, we
an plug in the above deomposition
g = ργΦσθ′qγψ = βq
′.
Thus we an see that a setion ω : G/Θ → G is given by ω(gΘ) =
ω(λq′Θ) = ω(λΘ) = λ. From this we an easily write a setion SL(2,C) ⋉
N/Θ ⋉N → SL(2,C) ⋉N as:
η(β) = (β, 0).
This onludes point (1) and (2) of the onstrution. Consider now Θ rep-
resentations: the 1-dimensional one when s = 0 (s is the index for the
representation of Γ) whih is U(γ) = 1 and U(J) = −1 whereas for integer
s we have:
U(γφ) =
[
e
i
2
sφ 0
0 e−
i
2
sφ
]
, U(J) =
[
0 (−)s
1 0
]
.
Realling that the for the orbit of Θ we an apply the same onsiderations
and the same labels as for Γ exept that in our ase p3 = 0 (and p0 = m),
we an write
Um,+,s(γθ)(g)f(gp) = e
i<φ,a>Ds[β−1ΛgΛpΛgβΛp ]f(p), (47)
where here we denote with Ds the representation of Θ over an Hilbert spae
Hs and thus the funtion f(p) is in H
m,+,s = L2(SL(2,C) ⋉ N/Θ ⋉ N) ⊗
Hs. We proeed than as in the previous ases. We introdue the operator
V = Us(η(β(p)
−1)) that sends the Hilbert spae Hm,+,s to Hm,+,sη whih is
oinident as a vetor spae to the rst but it is endowed with the internal
produt:
(f, f ′)η =
∫
ℜ3×P 2
dµ′(p)
(
Uλ(η(p))
−1f(p), Uλ(η(p)
−1)f ′(p)
)
H
.
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As usual substituting the map V into (42) we get:(
Um,+,λ(g)f
)
(p) = ei<φ,a>Uλ(β
−1
p ΛβΛ−1p)f(Λ
−1
p ), (48)
where f(p) = (V fˆ)(p) and Uλ is the restrition of Uλ from SL(2,C) to Θ.
We now redue Uλ and this is indeed possible sine Θ is ompat. This an
be ahieved as for the Γ ase using the harater formula (see [31℄) and every
single s appears exatly one in the deomposition of SU(2). We proeed
then as in the Γ situation with the exeption that now the projetion equation
pi[Θ]f(φ¯) = f(φ¯) is applied to the supertranslations whih are a xed point
over the orbit of the Θ group. The form of the matrix will indeed be the
same.
Finite groups
Only nite dimensional groups have to be onsidered in the massive ase.
We shall address only the (double over of the) yli group Cn as an example
sine all the others are similar ases.
The group C˜n is given by the diagonal matries:
cn =
[
e
piik
n 0
0 e
−piik
n
]
,
where 1 ≤ k ≤ 2n. The orbit for this group is onstruted from a x point
whih is given by those supertranslations satisfying the periodi ondition
ψ(θ, ϕ) = ψ(θ, ϕ+ 2pi
n
). Thus, a part from the ase n = 1 whih is trivial, the
above ondition tells us that the funtion ψ(θ, ϕ) = p0 + p3 cos θ + k(θ, ϕ)
where k(θ, ϕ) is a pure supertranslation. Furthermore we an assign a global
setion to this orbit notiing that any element of Γ an be deomposed as:[
ei
t
2 0
0 e−i
t
2
]
=
[
ei
t′
2 0
0 e−i
t′
2
][
ei
pik
n 0
0 e−i
pik
n
]
,
where 0 < t′ < pi
n
. Sine any element g of SL(2,C) an uniquely be written
as g = τγθ, we an plug in the above deomposition writing g = τγθ′ck.
Thus ω(gCn) = ω(τγθ′ckCn) = ω(αCn) = α. This onludes both points (1)
and (2) of our onstrution. The representation is simply one dimensional
and gives Dk(g) = e
ikpi
n
with 1 ≤ k ≤ 2n. Thus the anonial wave equation
is simply:
Um,+,p0,k(g)f(gp) = ei<φ,a>Dk[α−1ΛgΛpΛgαΛp ]f(p), (49)
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where as usual g = (a,Λ), p is a point over the orbit and f(p) ∈ L2(SL(2,C⋉
N/Cn ⋉ N) ⊗ Hk. The operator relating the two desription is as usual
V = Uλ(η
−1
p ) that ating on funtions over H
m,+,p0,λ = L2(N, dµ′)⊗Hλ as:
(V fˆ)(p) = Uλ
(
η−1(p)
)
fˆ(p).
Thus V sends the Hilbert spae Hm,+,p0,s into Hm,+,p0,sη whih are oinident
as vetor spaes but the latter is endowed with the inner produt:
(f, f ′)η =
∫
ℜ3× P
3
Cn
dµ′
(
Uλ(η(p)
−1)f(p), Uλ(η(p)
−1)f ′(p)
)
Hλ
.
Substituting the map V into (43), we get(
Um,+,p0,λf
)
(p) = ei<φ,a>Uλ(α
−1
p ΛαΛ−1p )f(Λ
−1p), (50)
whih is as usual oinident with (49) exept for the fat that we need some
further onstraints to selet the rep we like. In this ase we an start from a
representation of SL(2,C) and progressively redue it rst to SU(2) then to
Γ and in the end to Cn. Following [31℄ we only need to onsider the redution
of a representation Ds of Γ. Sine on an element cn ∈ Cn D
s
ats giving e
ipis
n
whereas the representation of Dk of Cn gives e
ipik
n
; thus the representation
of Cn appears only one or no times in D
s
. This ondition is expressed by
the equation s = k2 (mod n). From this we an see that
D(j1,j2)(g) =
j1+j2⊕
j=|j1−j2|
j⊕
s=−j
δs, k
2
(mod n)D
k(g).
We an easily now extrat the orthoprojetion matrix pi and write the addi-
tional onditions
pi[Cn]f(φ¯) = f(φ¯),
where φ¯ is a xed point over the orbit of the Cn group. As an example let
us onsider the ase k = 0 for C2 in the representation D
( 1
2
, 1
2
)
. We nd
from the deomposition that the U0(C2) an appear only when the equation
0 = p2(mod2) holds; sine p ranges only from −1 to 1, this implies that the
desired representation appears only one in eah D0(Γ).Thus
pi[C2] = diag[1, 0, 1, 0].
This onludes our analysis for the massless ase and also for the massive
ase, sine all other disrete groups in the Hilbert topology are ating like
the yli.
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6.2 Generalizations of the BMS group and possible exten-
sions of the results
A natural question arising both from the representation theory and wave
equations onerns the origin and meaning of disrete little groups. A sug-
gestion omes from [32℄ where MCarthy studies all possible generalizations
(42 at the end) of the BMS group. Among them one nds N(S)⋉L+ where
L+ is the usual (onneted omponent of the homogeneous) Lorentz group
and N(S) is the set of C∞ salar funtions (supertranslations this time
dened on a hyperboloyd and depending on three angular oordinates) from
S =
{
x ∈ R3,1 | x · x < 0
}
to R. This group is isomorphi to the Spi group
identied by Ashtekar and Hansen [33℄ as the asymptoti symmetry group
of spatial innity i0 in asymptotially at spae-times. The study of the
representations for this group as well as for all others BMS-type groups an
be arried on exatly along the lines of the original BMS. Thus we have
still a freedom on the hoie of topology for the supertranslation subgroup
and wave equations an be in priniple derived exatly in the same way as
we did in the previous setions. Furthermore this suggests that a andidate
eld theory living on i0 with elds arrying representations of Spi, should
display, as well as the theory on ℑ±, a high degree of non loality this time
with even more degeneray sine three instead of two angular oordinates
dene supertranslations.
Finally MCarthy also identied the eulidean BMS and the omplexi-
ation of the BMS group
13
; the study of representations for these groups
endowed with Hilbert topology gives rise to disrete groups and it has been
suggested to relate them to the parametrization of the gravitational instan-
tons moduli spae.
7 Impliations for the holographi mapping
7.1 Identifying boundary degrees of freedom
As we have seen in the previous analysis wave funtions appearing in o-
variant and anonial wave equations are funtions of the supertranslations
or in dual terms of supermomenta. We have therefore a huge degree on
non loality, the elds depending on an enormous (atually innite) number
13
The eulidean BMS is the semidiret produt of N(R4−{0}) with SO(4) whereas the
omplexiation of BMS is given by the semidiret produt of the omplexied Lorentz
group CSO(3, 1) with the spae of salar funtions fromN =
{
x ∈ C4 | x · x = 0, x 6= 0
}
to C.
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of parameters entering into the expansions of supertranslations (supermo-
menta) on the 2-spheres.
In addition their utuations are supposed to spread out on a degenerate
manifold at null innity. Reall also that supertranslations at along the
u diretion and are puntual transformations, with u playing the role of
an ane parameter. Beause of the diulties in dening a theory on a
degenerate manifold we nd therefore more natural to plae these elds and
the putative boundary dynamis on the so alled one spae [12℄, the spae
of smooth ross setions on ℑ. The BMS group is thus interpreted as the
group of mappings of the one spae onto itself.
We an give a pitorial desription as follows: x a two sphere setion on
ℑ and assoiate with this a point in the one spae alling this the origin.
Any other point in the one spae will orrespond to another two sphere
setion on ℑ and an be obtained by moving an ane distane u = α(θ, φ)
along the original ℑ. In this way points on one spae are mapped one to
one to ross setions on ℑ.
Therefore the holographi data ought to be enoded
14
on the set of 2-
spheres and these in turn are mapped to points in one spae; we think then
the andidate holographi desription living in an abstrat spae, implying
at the end of the day that holography should be simply an equivalene of
bulk amplitudes with those derived from the boundary theory.
15
An interesting onsequene of working in the one spae is that one has
in priniple a way to dene a length and therefore separate, in some sense,
the spheres S2 along null innity. One an atually hoose oordinates on
the one spae: they will be the oeients entering in the expansion of su-
pertranslations in spherial harmonis. One an then show that there exsists
an ane struture (innite dimensional) on the one spae and eventually
dene a length for vetors in the one spae [12℄
L2 = [
∫
dΩ(α(θ, φ))−2]−1 (51)
This should allow to dene [36℄ a sort of uto, a onept otherwise absent
on the original degenerate ℑ. In the ase of AdS/CFT the dual theory is a
CFT with no fundamental sale. There, however, one uses the fat that AdS
14
See [34℄ for a similar onsiderations despite dierenes in the hoie of sreens.
15
The situation an be ompared to the BMN [35℄ limit of AdS/CFT, where the bound-
ary of a pp-wave bakground is a null one dimensional line and geometrial interpretation
seems diult (and may be laking). Again holography seems to be thought as an equiv-
alene between bulk/boundary amplitudes, the latter may be living in some smaller CFT.
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is basially a ylinder to end up with the orret ounting from both sides
[38℄.
This goes along the diretion suggested by Bousso in [37℄. Atually apart
from the speial AdS ase where one an show that, moving the boundary-
sreen to innity, the boundary theory is indeed dual sine it ontains no
more than one degree of freedom per Plank area [38℄, the dual theory
approah should not work in our ase and one should expet theories with
a hanging number of degrees of freedom in the ase of null boundaries.
Degrees of freedom should appear and disappear ontinuously
16
. The de-
pendene of (51) on the oeients tells us that a possible ut o length an
hange aording to the number of oeients we swith on-o. In turn we
have seen that again α(θ, φ) enters in the hanging of asymptoti shears and
we have related the possibility of more/less bulk prodution aording to the
vanishing of asymptoti shear.
Interestingly, more/less bulk entropy will have at the end of the day eet
on the way one denes lengths on the one spae.
7.2 Similarities with 't Hooft S-matrix Ansatz for blak holes
The nal piture one gets is quite similar to the senario proposed by 't Hooft
[39℄ in the ontext of blak holes. In this ase we have sort of holographi
elds living on the horizon of the blak hole. Time reversal symmetry is
required and therefore one has operators living on the future and past hori-
zons.
The desription is given in rst quantized set up and the degree of non
loality is eventually expressed in the operator algebra at the horizon
[u(Ω), v(Ω′)] = if(Ω− Ω′) (52)
where u(Ω), v(Ω) are the holographi elds living on the future/past horizon
depending on the angular oordinates Ω and f(Ω,Ω′) is the Green funtion
of the Laplaian operator ating on the angular horizon oordinates. Clearly
the algebra is non loal.
In this ase too the angular oordinates are at the end of the day respon-
sible for the ounting of the degrees of freedom, even if 't Hooft S-matrix
Ansatz is derived in a sort of eikonal limit assuming therefore a resolution
bigger than Plank sale in the angular oordinates.
The Green funtion f(Ω,Ω′) tells us how to move on the granular stru-
ture living on the horizon and it is similar to our supertranslations generated
16
We thank G.'t Hooft for stressing this point also in osmologial ontext
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indeed by Plm = Ylm(Ω)∂u. The holographi information is therefore spread
out in both ases on angular oordinates.
Going then to a seond quantized desription of 't Hooft formalism, elds
are expeted to be funtional of u(Ω) and v(Ω), pretty muh in the same way
of our ase. A proposal of 't Hooft (for the 2+1 dimensional ase) preserving
ovariane is indeed
φ ∼
∑
orderings
∫
dΩ
(
δ(x1(Ω)− x)δ(x2(Ω)− y)δ(x0(Ω)− t)
)
(53)
where elds are funtionals of oordinates in turn depending on the angles.
Of ourse the horizon itself is a very speial null surfae and the set up
is dierent, sine the whole 't Hooft piture is dynamially generated in a
holographi redution taking plae in a sort of WKB limit. At the end of
the day, however, angular oordinates and their resolutions are the basis for
the book-keeping of states.
The horizon itself is a sort of omputer storing-transmitting information.
One looses in a sense the notion of time evolution. This suggests that also
in our ase (reall that u ats via point transformations) the elds we have
onstruted are not quite required to evolve but are independent data living
on the 2-spheres. What generates the dynamis should be a S-matrix in
the spirit of 't Hooft. In this sense, the states are indeed holographi, sine
ontain all bulk information.
7.3 Remarks on the onstrution of a S-matrix
Therefore, in analogy with 't Hooft senario, we ould imagine [36℄ a S-matrix
with in and out states living on the respetive one spaes orresponding to
ℑ+ and ℑ− with elds arrying BMS labels. Of ourse the big task is to
expliitly onstrut suh a mapping.
17
However, the motivation for a S-matrix is also due to the fat that in
the asymptotially at ase we have problems with massive states whih an
hange the geometry at innity. In the ase of AdS/CFT orrespondene,
on the other hand, it is true that one has a sort of box with walls at in-
nity so that quantization of modes is similar to elds in a avity. But via
the Kaluza-Klein mehanism one generates a onning potential for massive
modes. Note also that already for massless elds the sattering problem
17
One should also may be take into aount the role of spatial innity in gluing the past
and the future null innities.
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in the physial spaetime an be translated in a harateristi initial value
problem [40℄ at null innity in the unphysial spaetime.
18
The way in whih one should proeed in quantizing has to be dierent
from the usual one, sine one does not need hoies of polarizations to kill
unwanted phase spae volume. This has already been pointed out in [41℄
disussing BMS representations and therefore is automatially indued to
elds arrying BMS representations we have onstruted.
The hoie of Hilbert topology, as already remarked, should be assoiated
with bounded soures in the bulk, while the nulear one should orrespond
to unbounded systems. In order to aommodate the unbounded systems
whih ought to orrespond to sattering states, one should however dene
a proper notion of onformal innity for unbounded states and this seems
a diult problem. Note however that to have a unitary S-matrix in a
andidate holographi theory one must inlude unbounded states into the
Hilbert spae, otherwise asymptoti ompleteness [42℄ is violated.
In [24℄ it was also suggested to take a ner topology than the nulear
one beause of the freedom in the topology hoie for the supertranslations.
It was proposed to use real analytit funtions enlarging therefore super-
momenta to real hyperfuntions on the sphere. Interestingly quantum eld
theories in whih elds are smeared by hyperfuntions show a non loal be-
haviour and the density of states an have a non polynomial growth. This
might in priniple allow to reover bulk loality
19
although one should on-
sider hyperfuntional solutions to the Einstein's equations. Moreover, if one
assumes that the high energy behaviour of the density of states in the bulk
is dominated by blak holes, the exponential growth of states whih suggests
an intrinsi degree of non loality might be explained by working with hy-
perfuntions. This is again in sharp ontrast with the asymptotially AdS
ase where the blak hole density of states grows essentially like the entropy
of a CFT [44℄.
8 Conluding remarks
Previous onsiderations show that holography in asymptotially at spae-
times is in priniple quite dierent from the usual paradigm in whih we are
18
[40℄ ontains a derivation of the Hawking eet and an interesting disussion on the
BMS group. The main point is that one an have in any ase an unambiguous denition of
positive/negative frequenies and this is what matters for the Hawking partile prodution.
Reall however that there ones refers to elds and their asymptotis in the bulk, not to
elds arrying BMS representations as the ones we have derived.
19
See [43℄ for similar onsiderations even if from a dierent point of view.
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expeted to projet information following bulk propagation.
We have seen the relation between bulk entropy prodution and bound-
ary symmetries and the nature of the elds arrying BMS representations.
We have then suggested a possible way to enode bulk data. An equally in-
teresting possibility to onstrut a model whih realizes the BMS is to start
from AdS/CFT and isolate a "at spae region" inside AdS. It follows then
that the setor of the dual theory that appears to desribe this would be the
deep infrared, namely the uniform modes, or a matrix model in the ase of
the SYM dual to AdS.
20
This does not mean that holography does not work but it seems likely
it has to be thought in more general terms as an identity between theories
living in dierent dimensions and this point of view has already been adopted
in various ontexts. After all the piture of light rays propagation is lassial
and (near) BPS D-branes and their harges prefer AdS in the large N
double saling limit orresponding to lassial supergravity.
One might of ourse think as often done about topologial phases of
gravity, reabsorbing in suh a way the innite number of parameter due to
non renormabizability in a topologial eld and pushing then in a natural
way degrees of freedom to the boundary. However gauge non invariant ex-
itations seems to be the relevant ones in the usual piture of physis we
have and the phase transition from the topologial phase seems quite di-
ult to explain. Formulating a holographi desription in asymptotially at
spaetimes remains then a hallenging and very open problem.
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A Indued representations for semidiret produt
groups
We review in the following the theory of indued representations for semidi-
ret produt groups. Notations and onventions are those of [21℄.
20
The appearane of a Matrix model in the BFSS dual to M-theory also suggests a
matrix model dual to at spae. We thank the referee for this remark.
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Choose a loally ompat group G and a losed subgroup K ⊂ G whose
unitary representations σ : K → U(M) on a Hilbert spae M are known.
On the topologial produt G× V , dene an equivalene relation
(gk, v) ∼ (g, σ(k)v) ∀k ∈ K,
and the natural map
pi : G×K V → G/K, (54)
assigning to equivalene lasses [g, k] the element gK on the oset G/K. The
struture given in (54) is learly the one of a ber bundle where the generi
ber over a base point (pi−1(gK) = {[g, v]}) uniquely determines the element
v ∈M . This bijetion gives to pi−1(gK) the struture of a Hilbert spae21.
One an also introdue then a Hilbert G-bundle whih is a Hilbert bundle
as before with the ation of a group G on both X,Y suh that the map
αg : x −→ gx, βg : y −→ gy
is a Hilbert bundle automorphism for eah group element.
Choose then a unique invariant measure lass on the spae G/K dened as
above-i.e. for any g ∈ G, for any Borel set E and for a given measure µ also
µg(E) = µ(g
−1E) is a measure in the same lass. It an be extended to any
G-Hilbert bundle ζ = (pi : X → Y ) where G is a topologial group; besides
given the Hilbert inner produt on a ber pi−1(p) and an invariant measure
lass µ we an introdue
H =

ψ | ψ a Borel section of the bundle,
∫
Y
< ψ(p), ψ(p) > dµ(p) <∞

 .
A unitary G-ation on H is given by:
(gψ)(p) =
√
dµg
dµ
(p)g(ψ(g−1 · p)), ∀p ∈ Y.
This ation is also a representation of G on H and does not depend on
the measure µ. Moreover this onstrution grants us that for any G-Hilbert
bundle ζσ = (pi : G×K V → G/K) dened by a loally ompat group G and
by a K-representation σ, it is possible to derive an indued representation
T (ζσ) whih basially tells us that from any representation σ of K we an de
21
A Hilbert bundle is dened as π : X → Y where both X,Y are topologial spaes and
a struture of a Hilbert spae is given to π−1(p) for eah p ∈ Y .
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fato indue a representation T toG. Consider now a group G whih ontains
an abelian normal subgroup N . If we hoose a subgroupH suh that the map
N ×H is bijetive, we an show that there exists an isomorphism between
G and the semidiret produt of N ⋉H.
A harater of N is a ontinuous homomorphism
χ : N −→ U(1). (55)
The set of all these maps forms an abelian group alled the dual group:
Nˆ = {χ | (χ1χ2)(n) = χ1(n)χ2(n)}
Dene then a G-ation (G ∼ N ⋉ H) onto the dual spae indued from
G×N → N letting (g, n)→ g−1ng suh that
G× Nˆ → Nˆ
gives gχ(n) = χ(g−1ng). Thus for any element χ ∈ Nˆ , one an dene the
orbit of the harater as:
Gχ = {gχ | g ∈ G} ,
and the isotropy group of a harater under the G-ation as:
Gχ = {g | g ∈ G, gχ = χ} .
Clearly the set Gχ is never empty due to the fat that N ats trivially onto
a harater. Introdue now Lχ = H ∩Gχ, then
Gχ = N ⋉ Lχ.
The group Lχ is alled the little group of χ and it is the isotropy group of
the harater χ under the ation of the subgroup H ⊂ G.
Consider now a unitary representation σ for the little group Lχ ating
on a vetor spae V . Then the map
χσ : N × V → U(N × V ),
suh that (n, v)→ χ(n)σ(v), is a unitary representation of Gχ on the vetor
spae V . So one an introdue an Hilbert G-bundle pi : G ×Gχ V → G/Gχ
with a base spae isomorphi to the spae of orbits Gχ dened for every
representation χσ. One nally has [45℄:
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Theorem 1 (Makey) Let G = N ⋉H be a semidiret group as above and
suppose that Nˆ ontains a Borel subset meeting eah orbit in Nˆ in just one
point. Then
• The representation T (ζ) indued by the bundle pi : G ×Gχ V → G/Gχ
is an irrep of G ∼ N ⋉H for any χ and for any σ.
• eah irrep of G is equivalent to a representation T (ζ) as above with the
orbit Gχ uniquely determined and σ determined only up to equivalene.
A.1 BMS representations in Hilbert topology
We endow the supertranslation group with an Hilbert inner produt:
< α, β >=
∫
S2
α(x)β(x)dΩ; (56)
where x ∈ S2, and the supertranslations α, β are salar maps S2 → ℜ.
Therefore N = L2(S2) is an abelian topologial group.
Any element α in the supertranslation group an be deomposed as:
α(θ, φ) =
∑
l,m
αlmYlm(θ, φ).
This deomposition is topology independent but in the ase we are onsid-
ering the omplex oeients αlm have to satisfy
α¯lm = (−)
mαl,−m.
Notie that supertranslations admit a natural deomposition into the diret
sum of two orthogonal (under the Hilbert spae internal produt) subspaes
(i.e. subgroups): translations and proper supertranslations. In partiular,
for any α(θ, φ) ∈ L2(S2), one an write α = α0 + α1 with:
α0 =
1∑
l=0
l∑
m=−l
αlmYlm(θ, φ), α1 =
∑
l>1
l∑
m=−l
αlmYlm(θ, φ).
Thus N an be written as:
N ∼ A⊕B,
where A is the translation group and B = N −A. One has however to keep
in mind that this deomposition, as an isomorphism, is not preserved under
the ation of the SL(2,C) group.
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Consider the dual of the supertranslation spae, the harater spae
Nˆ whose elements an be written exploiting the Reisz-Fisher theorem for
Hilbert spaes as:
χ ∈ Nˆ =⇒ χ(α) = ei<φ,α>,
where φ ∈ N is uniquely determined. The G-ation on Nˆ is dened as the
map G× Nˆ → Nˆ sending the pair (g, χ) to gχ(α) = χ(g−1(α)); instead from
the point of view of an element φ ∈ N , the ation G×N → N is:
gφ(z, z¯) = K−3g (z, z¯)φ(gz, gz¯).
The above relation tells us that the dual spae Nˆ is isomorphi to the
supertranslations spae N and there exists a deomposition of Nˆ as a diret
sum of two subgroups-i.e. Nˆ = A0 ⊕ B0, where A0 is (isomorphi to) the
spae of linear funtionals vanishing on A whereas B0 is the spae of linear
funtionals vanishing on B0. This means that A0 is omposed by those
harater mapping all the elements of A into the unit number and the same
holds also for B0. As in the supertranslation ase, this deomposition is only
true at the level of vetor elds sine it is not G-invariant. The only spae
whih is not hanging under group transformations is the subspae A0.
Sine one an assoiate a unique element of N , namely φ to eah χ(α)
one an also deompose this eld as:
φ(θ, φ) =
1∑
l=0
l∑
m=−l
plmYlm(θ, φ) +
∑
l>1
l∑
m=−l
plmYlm(θ, φ),
where the rst piee in the sum is in one to one orrespondene with the
quadruplet (p0, p1, p2, p3) whih an be thought as the omponents of a mo-
mentum vetor related to the Poinaré group. For this reason one an intro-
due a new spae A′ isomorphi both to A and Aˆ whih is given by the set of
all possible funtions φ and whih is often referred as the supermomentum
spae.
One an now nd representations of the BMS group in Hilbert topology
with the help of Makey's theorem applying it to this innite dimensional
(Hilbert)-Lie group in the spirit of [23℄. The rst step onsists in nding the
orbits of SL(2,C) in Nˆ whih are homogeneous spaes that an be lassied
as the elements of the set of non onjugate subgroups of SL(2,C). In order to
nd a representation for the BMS group, after lassifying the homogeneous
spaes M , we shall nd a harater χ0 xed under M and then identify eah
M with its little group assoiated with the orbit Gχ0 ∼ G/L.
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As a starting point we shall onsider only onneted subgroups of SL(2,C).
The list of these groups is well known but most of them do not admit a non
trivial xed point in N . This request restrits them to
Little group Charater Fixed point Orbit
SU(2) χ(α) = ei<K,α> φ(θ, ϕ) = K PSL(2,C)
Γ χ(α) = ei<ζ(|z|),α> ζ(| z |) G/Γ
Z2 χ(α) = e
i<φ0(z,z¯),α> φ0(z, z¯) G/SU(2)
where Γ, whih onsists of diagonal matries, is the double over of SO(2)
and where Z2 is not formally a onneted group but nonetheless it is the
enter of SL(2,C) and for this reason it ats in a trivial way.
At this point one needs to express expliitly the indued representations;
this operation onsists in giving a unitary irrep U of Lχ on a suitable Hilbert
spae H for any little group and a G-invariant measure on the orbit of eah
little group. For the onneted subgroups, one has [23℄:
• the group Z2 has only two unitary irreps, the identity D
0
and a seond
faithful representation D1 both ating on the Hilbert spae of omplex
numbers C as:
D0(±I) = 1, D1(±I) = ±1.
• the unitary irreps of Γ(∼ piR4 Z) are instead indexed by an integer or
half integer number s ating on the Hilbert spae of omplex numbers
C as:
Ds(g) = eist,
where g ∈ Γ and
g =
[
e
it
2 0
0 e
−it
2
]
.
• the unitary irreps of SU(2) are the usual ones ating on a 2j + 1
dimensional omplex Hilbert spae with j ∈ Z2 .
Consider now the ase of non onneted little groups; the hope is that
all these groups are ompat sine this grants us that their representations
an be labelled only by nite indies. For the BMS group in the Hilbert
topology this is indeed the ase sine it was shown in [25℄ (see theorem 1)
that all little groups are ompat. Besides, sine the homogeneous Lorentz
group admits SO(3) as maximal ompat subroup, we need to analyse only
subgroups of SO(3). The list of these subgroups has been in [25℄:
Cn Dn T ∼ A4 O ∼ S4 I ∼ A5 Θ = ΓR2,
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where R2 =
{
I, J =
[
0 1
−1 0
]}
. It shows that we are dealing only with
groups with nite dimensional representations whih means that there are no
ontinuous indies labelling states invariant under BMS group with Hilbert
topology.
As in the usual approah, one an then onstrut on eah orbit a onstant
funtion, namely the Casimir, in order to lassify them. Instead of working
on Nˆ it is easier to onsider the spae of salar funtions N ′ isomorphi to
Nˆ and endow it with a bilinear appliation assigning to the pair (φ1, φ2) the
number B(φ1, φ2) = pi(φ1)·pi(φ2) where pi is the projetion on the momentum
omponents (i.e. pi : N ′ → A′) and the dot denotes the usual Lorentz inner
produt. It is also straightforward to see that the bilinear appliation is
G-invariant.
This last property implies that on eah orbit in Nˆ , the funtion B is
onstant and its value an be alulated sine pi(φ) = (p0, p1, p2, p3) so that:
B(φ, φ) = pi(φ) · pi(φ) = m2.
One an thus label eah orbit in the harater spae with an invariant,
the squared mass, together with the sign of the temporal omponent i.e.
sgn(p0). These invariants grant only a partial lassiation sine, for ex-
ample, in the ase of unfaithful representations, pi(φ) = 0, whih implies
that the above invariants are trivial. For faithful representations too, we
annot onlude that the lassiation is omplete sine dierent orbits an
orrespond to the same value for the mass. One an also nd a onstant
number to label the orbits orresponding to unfaithful representations-i.e.
an bilinear invariant appliation mapping at least A0 to real numbers. This
has been done in [25℄:
Q2 = pi2
∫ ∫
| z1 − z2 |
2 ln | z1 − z2 |
(1+ | z1 |2)(1+ | z2 |2)
φ(z1, z¯1)φ(z2, z¯2)dµ(z1, z¯1)dµ(z2, z¯2),
(57)
where φ is a funtion of lass C∞(S2). Thus Q2 is dened only for a subset
dense in the Hilbert spae L2(S2) whih from the physial point of view
makes no dierene.
A.2 BMS representations in nulear topology
The study of BMS group to label elementary partiles started with the hope
to remove the diulty with the Poinaré group onerning the ontinuous
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representations assoiated to the non ompat E(2) subgroup. Unfortu-
nately, ontinuous representations appear if one hooses for the supertrans-
lations a dierent topology (for istane Ck(S2)). This was for the rst time
pointed out in [28℄ where it was shown that also non ompat little groups
appear (for instane E(2)).
Nonetheless it is worth studying representations for the BMS group with
N endowed with the topology C∞(S2). In this ase the ation of SL(2,C)
on the spae of supertranslations is given by a representation T equivalent
to the irrep of SL(2,C) on the spae D(2,2) introdued by Gel'fand. This
implies that we have to use tehniques proper of rigged Hilbert spaes.
The main objet we shall deal with is D(n,n) whih is the spae of fun-
tions f(z, ω) of lass C∞ exept at most in the origin. These funtions also
satisfy the relation f(σz, σw) =| σ |(2n−2) f(z, w) for any σ ∈ C. At the end
of the day, one has the following hain of isomorphisms
BMS = N ⋉G←→ D(2,2) ⋉G←→ D2 ⋉G,
where D2 is the spae of C
∞
funtions ζ(z) depending on a single omplex
variable suh that any element g(z, w) ∈ D(2,2) an be written as g(z, w) =
| z |2 ζ(z1) =| w |
2 ζˆ(z1) with z1 =
w
z
and ζˆ(z1) =| z1 |
2 ζ(z−11 ).
Irreduible representation an arise (see theorem 2 in [24℄) an arise either
from a transitive G ation in the supermomentum spae or from a ylinder
measure µ with respet to the G ation is stritly ergodi i.e. for every
measurable setX ⊂ N ′ µ(X) = 0 or µ(N ′−X) = 0 and µ is not onentrated
on a single G-orbit in N ′.
The rst step is to lassify all little groups; they an either be disrete
subgroups, non-onneted non disrete Lie subgroups and onneted Lie sub-
groups.
Disrete subgroups an be derived exatly as in the Hilbert ase and so
the only onneted little groups for the BMS group are:
SU(2), Γ, ∆, SL(2,R).
Here one an point out the rst dierene between the Hilbert and the
nulear topology whih onsists in the appearane of the SL(2,R) little group
whih will ontribute only to unfaithful representations.
Non onneted non disrete subgroups S an be derived using still theo-
rem 5 in [24℄ sine eah S is a subgroup of the normalizer N(S0) where S0
is the identity omponent of S. Here is the list:
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• S1 whih is the set of matries{[
σr 0
0 σr
]
with σ = e
2pii
n , 0 ≤ r ≤ (n − 1)
}
,
• S2 whih is the set of matries{[
eqr 0
0 e−qr
]
where q is a xed non negative number and r is an integer
}
,
• S3 whih is the set of matries{[
zr1z
s
2 0
0 z−r1 z
−s
2
]
where z1, z2 ∈ C and r, s are integers,
}
,
• S4 whih is the set of matries[
1 r
0 1
]
.
To establish the faithfulness of the irreps, one needs to alulate the
projetion on the supermomentum spae of supertranslation:
pi(φ)(z′) =
i
2
∫
dzdz¯(z − z′)(z¯ − z¯′)φ(z) 6= 0.
The only onneted groups ouring as little group for faithful represen-
tations are Γ,∆, SU(2) with vanishing square mass 0. It is also interesting
to notie that the orbit invariant Q2 dened for the Hilbert topology for
unfaithful representations is not available in the nulear topology sine it
is not dened for distributional supermomenta. Finally no information is
available about disrete subgroups sine it very diult to lassify them
above all for innite disrete subgroups. This means that the study of BMS
representations in the nulear topology has to be ompleted yet.
B Wave equations in ber bundle approah
We are going to briey review in the following denitions and notations
used in the derivations of the BMS wave equations following [29℄. As said
we use sort of diagrams to failitate the reader even if they are not rigorous
mathematially speaking.
47
Consider then
P (H,M)
σ //___
pi

GL(V )
∗




M E(M,V )piE
oo
In our ase P (H,M) is a group G and a prinipal bundle whose ber H is a
losed subgroup of G and whose base spae is the homogeneous spae given
by the oset G/H; eah linear representation σ : H → GL(V ) automatially
denes the vetor bundle (that's the reason why we used the dotted lines)
E(M,V ) = P ×H V whose generi element is the equivalene lass [u, a] with
u ∈ P and a ∈ V . The equivalene relation dening this lass is given by
(u, a) ∼ (uu′, a) = (u, σ(u′)a).
One denes than a G-ation; in partiular on P = G it is the obvious
one i.e. g(uh) = (gu)h whereas on M the ation is indued through the
projetion pi as gpi(u) = pi(gu). Finally on the E bundle the G-ation is
g[u, a] = [gu, a]. i if we onsider a generi setion for the E bundle i.e.
ψ :M → E(M,V ), we an at on it through a linear representation of G as:
(U(g)ψ) (gm) = gψ(m). (58)
This representation is exatly the indued representation of G onstruted
from the given one σ of the subgroup H. Moreover if σ is pseudo-unitary
and it exists an invariant G-measure on M we an dene an internal produt
(, ) : Γ(E)× Γ(E)→ C as:
< ψ,φ >=
∫
M
dµhm(ψ, φ),
where hm is the indued internal produt on the bre pi
−1
E (x).
In the spei ase of semidiret produt of groups i.e. G = N ⋉K (N
abelian), one an dene a G-ation on the harater spae Nˆ :
gχ(gn) = χ(n).
For any element χ0 one an onstrut its stability (little) group Gχ0 :
N ⋉ Kχ0 and assign a representation σ : Kχ0 → GL(V ). This indues a
representation χ0σ : Gχ0 → V whih assoiates with the ouple (n,g) the
element χ0(n)σ(g). Thus in our diagram the group Gχ0 is playing the role
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of H and M beomes the oset spae G/Gχ0 . The diagram is then:
G(N ⋉Kχ0 , G/Gχ0)
χ0σ
//____
pi

GL(V )
∗




G/Gχ0 E(G/Gχ0 , V )piE
oo
Sine we want to desribe vetor valued funtions f : G/Gχ0 → V , a repre-
sentation of U an be made xing a setion s : G/Gχ0 → G and remembering
that for any element ψ ∈ Γ(E) there exists a funtion f˜ψ : P → V :
ψ(pi(u)) = [u, f˜ψ(u)].
A vetor valued funtion is:
fψ = f˜ψ ◦ s.
Let us notie that this onstrution makes sense only if the setion s is
global otherwise f is not dened everywhere; this happens only if the bundle
G is trivial i.e. G =M ×H whih is always the ase in the situation we are
interested in.
Moreover equation (58) translates in:
[U(g)fψ ] (gx) = σ(γ(g, x))fψ(x), (59)
where in our ase γ : (N ⋉K)×G/Gχ0 → Gχ0 is dened as:
s(gx)γ(g, x) = gs(x) (60)
From now on we shall all (59) the anonial (or indued) wave equation.
In physial relevant situations ovariant representations are used instead
of indued ones. In this ase we deal with a prinipal bundle G(X,Gx0) where
x0 ∈ X and the interesting representations are those preserving loality
on the physial relevant spae X and ating on a vetor valued funtion
f : X → V as:
[T (g)f ](gx) = A(g, x)f(x), (61)
where A is a map from G×X to GL(V ) satisfying the property:
A(g1g2, x) = A(g1, g2x)A(g2, x).
Examples of these representations are those indued from the isotropy group
Gx0 when expressed in term of setions s : X → G. Let us also notie that
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there exists a map Σ : Gx0 → GL(V ) assigning to an element γ the matrix
Σ(γ) = A(γ, x0) and the indution of suh a representation from the isotropy
group to the entire G generates the representation
A′(g, x) = Σ(γ(g, x)),
where γ is dened as in (60) and g = (φ,Λ).
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